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Abstract. We give an explicit formula for (T-cquivariant) 3-pointcd genus 
zero Gromov-Witten invariants for G/B. We derive it by finding an explicit 
formula for the Pontryagin product on the equivariant homology of the based 
loop group Q,K. 



1. Introduction 

A flag variety G/B is the quotient of a simply-connected simple complex Lie 
group by its Borel subgroup and it plays very important roles in many different 
branches of mathematics. There are natural Schubert cycles inside G/B. The 
corresponding Schubert cocycles cr"'s form a basis of the cohomology ring H* {G/B). 
In terms of this basis, the structure coefficients N^^'s of the intersection product, 

w 

are called Schubert structure constants, which is a direct generalization of the 
Littlewood-Richardson coefficients for complex Grassmannians. When G = SL{n + 
1, C), these coefficients count suitable Young tableaus (see e.g. [TOj) or honeycombs 
[TO] , [5D] . An explicit formula for iV™^ in all cases are given by Kostant and Kumar 
|21j by considering Kac-Moody groups and an effective algorithm is obtained by 
Duan [5] via topological methods. Note that a ring presentation of H*{G/B,C) is 
given much earlier by Borel [5] in terms of Chern classes of universal bundles over 
G/B. 

The (small) quantum cohomology ring of G/B, or more generally of any symplec- 
tic manifold, is introduced by the physicist Vafa [38| and it is a deformation of the 
ring structure on H*{G/B) by incorporating genus zero Gromov-Witten invariants 
of G/B into the intersection product. As complex vector spaces, the quantum coho- 
mology ring QH*{G/B) is isomorphic to H*{G/B) ® C[q] with q;^ = ■ • • for 
A = (oi, • • • , a„) G H2{G/B, Z). The structure coefficients A^^^'^'s of the quantum 
product, 

w.X 

are called quantum Schubert structure constants. As we will see in section 5.1, 
^u,'v = ^o,3,a(o''', ct", cr'^''"') is the 3-pointed genus zero Gromov-Witten invariant 
for cr", cr", cr"""' g H*{G/B), by the definition of the quantum product cr" ★cr". 
We will use the terminology "quantum Schubert structure constants" instead of 
"Gromov-Witten invariants" for G/B throughout this paper, in analog with the 
classical Schubert structure constants. 
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Because of the lack of functoriality, the study of the quantum cohoniology ring 
of G/B, or more generally partial flag varieties G/P, is a challenging problem. A 
presentation of the ring structure on QH*{G/B) is given by Kim [IS] in terms of 
Toda lattice for the Langlands dual Lie group. There have been a lot of studies of 
QH*{G / P) in special cases including complex Grassmannians, partial flag varieties 
of type A, isotropic Grassmannians and two exceptional minuscule homogeneous 
varieties (see e.g. [3], [l], [22], [23] and [5] respectively and the excellent survey [9]). 
Nevertheless, the quantum Schubert structure constants had only been computed 
explicitly for very few cases, such as complex Grassmannians and complete flag 
varieties of type A. 

In this article, we give an explicit formula for the (equivariant) quantum Schu- 
bert structure constants of the quantum cohomology ring QH*{G / B) (for partial 
flag varieties G/P, see [29]). We should note that an algorithm to determine the 
equivariant quantum ScJ^Tbert structure constant^ was obtained earlier by Mihal- 
cea [33] and he used it to find a characterization of the QH^{G/ P). To describe 
the formula, we define the rational functions c^^iy] and d^jy] combinatorially for 
any x,?/ £ Waf — W tK . In particular for x ~ utA,y — vIa and z ~ wt2A+\ 
with A = — 12n(n+ 1) X]"=i ^ '^^ fundamental coweights Wj^'s, the rational 
function X^Ai A2eQ^ ''a:-[*Ai]S.[*A,]'^z,[tAj+A,] ^^^^ shown to be a constant, provided 
that {X,2p) = £{u) + £{v) — £{w). Furthermore, this number coincides with A^™;/* 
as stated in our main theorem. 

Main Theorem Let u, v, w G VK, A G Q^, A 0. Let A = -12n(n+ l)J2'i=i'>^i- 
The quantum Schubert structure constant N^':^ for G / B is given by 

t\tW^X \ ^ ^ 

^^u,v — 2-^ C„t^ jC„t^ Jt^^]au,t2A+A JiAi + Aal ' 

'provided that (A, 2p) ~ £{u) + £{v) — £{w) and zero otherwise. 

The summation over the infinite set can be simplified to the finite set F x 
with F = {(Ai, A2) I Ai, A2 )f= A,Xi+ X2 4 2A + A, Ai, A2 G Q^} and we obtain 

The choice of A is not unique. In many cases, we can replace it by a smaller one 
(see the proof of Theorem 15. ip . All these and their T-equivariant extensions will 
be given in section 5.2. 

As a consequence, the above summations have only a few nonzero terms in many 
cases. For instance for G = SL{S,<C) with u = v = siS2Si,w = S1S2 and A = 6*^ 
(see section [01 for notations), it suffices to take A = —0^ and the summation 
for A^^^-^ in fact contains one term only, namely A;';:„-^ = c2^,[,,„]42so,[siS2Sit_2(,v]> 

where C^^Jso] = i^^V so{ao) \ao = -9 ~ ~i ^^^^ '^S2So,[siS2Slt_2gv] = ^S2So,[soSiS2SiSo] = 

soSi{a2)soSiS2Si{ao)\^^^_g = 9'^ by definition. Hence, Nl^^^ ~ (-|)^-^^ — 1- This 
coefficient can also be determined by Mihalcea's algorithm but our formula is more 
effective. To show the computational power of our formula, we will compute some 
nontrivial coefficients for the higher rank group Spin{7 , C). 



Explicitly, the equivariant (quantum) Schubert structure constants are homogeneous 
polynomials. 
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Quantum Schubert structure constants for G/ P can be identified with certain 
quantum Schubert structure constants for G/B via Peterson- Woodward comparison 
formula [39j , the corresponding formula and its applications will be discussed in [29j . 

When 11 is a simple reflection, the equivariant quantum product cr" * cr" can be 
given explicitly by the equivariant quantum Chevalley formula. This formula was 
originally stated by Peterson in his unpublished work [35j and has been proved 
recently by Mihalcea [33]. In [33], Mihalcea also showed that the multiplication in 
QH^{G/B) is determined by the equivariant quantum Chevalley formula together 
with a few other natural properties (see e.g. Proposition 15. 3p . As a consequence, 
an algorithm to determine N^'^ was given in [33] . However, an explicit formula is 
still lacking. 

In [35] Peterson already realized that QH^{G / B) should be ring isomorphic 
to iyiK) after localization. Here Q,K is the based loop group of the maximal 
compact subgroup K oi G and the Pontryagin product defines a ring structure on 
its (Borel- Moore) homology group Hj{VlK). In Peterson's work [35], the powerful 
tool of nil-Hecke ring of Kostant-Kumar [21] was used heavily. Lam and his co- 
authors had done many important works along this direction, such as |25j . |28j . |26j 
and [27| . In [26] . Lam and Shimozono gave a proof of the canonical isomorphism 
between QH^{G/ B) and Hj{flK) after localization, with the help of Peterson's 
j-isomorphism. Our approach is similar to the one by Lam-Shimozono as we both 
rely heavily on Mihalcea's criterion [33] . 

The homology H^{^IK) is an associative algebra over S = (pt) and it has an 
additive .S-basis given by Schubert homology classes {&x \ x G W~f}, where W~f 
is the set of length-minimizing representatives of cosets in Wni/W. We obtain an 
explicit formula for the Pontryagin product of Schubert classes in HJ{VLK). 

Theorem 13.31 For any Schubert classes &x and &y in H"^{VlK)^ the structure 
coefficients for their Pontryagin product 

are given by 

K,y= H c^,[tA]S,[tM]'^^,[tA+J- 

By analyzing the combinatorial nature of the summation in our formula, we 
obtain elementary proofs of the following two formulas of Peterson-Lam-Shimozono 
[26] on the Pontryagin product of certain Schubert classes: (i) For any wt\,t^ G 
W~f, one has &wt;,&t„ = &wt^+^; (ii) For any a.itx,ut^ e W'^ with (Ji = Uai, i G I, 
one has 

leTi 7Gr2 

where Fi = {7 G i?+ | l{ua^) = l{u) + 1} and Fa = {7 G i?+ | £{ucr^) = 
£H + l-(7\2p)}. 

By combining these with the criterion of Mihalcea, our above formulas for 
the structure coefficients of the Pontryagin product on J (^IK) imply the cor- 
responding formula for the equivariant quantum Schubert structure constants for 
QH^iG/B). 
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There could be an alternative way to determine our structure coefBcients by 
finding polynomial representatives for Schubert classes. For instance, this approach 
has been used by Fomin, Gelfand and Postnikov for complete flag varieties of type 
A [8]. The work of Magyar [31] could be relevant for general cases. Sec also [7]. 

This paper is organized as follows. In section 2, we set up the notations that will 
be used throughout this article and review some well-known facts on the theory of 
Kac-Moody algebras and groups. In section 3, we define the important quantities 
dj;^[yj and derive an explicit formula for the Pontryagin product on H^{Q.K). 
In section 4, we analyze our formula and compute the product of certain Schubert 
classes. In section 5, we prove our main theorem and we also show that the classical 
limit of our formula recover the usual formula for the equivariant Schubert structure 
constants . In section 6, we give examples to demonstrate the effectiveness of our 
formula. Finally in the appendix, we provide the proofs of some propositions stated 
in section 4. 

2. Notations 

2.1. Notations. We introduce the notations that are used throughout the paper. 
G: a simply-connected simple complex Lie group of rank n. 
B, H: B is a Borel subgroup of G; H is a. maximal torus of G contained in B. 
K: a maximal compact subgroup of G. 
T: T = K D H is a maximal torus in K. 
g,t): = Lie(G); [) = Lie(iJ). 
/,/af: / = {1,--- ,n}; 4f = {0, 1, • • • , n}. 

R, A: R is the root system of (g, f)); A = {ai | z £ /} is a basis of simple roots. 
R+: i?+ = i? n 0jg^ Z>oa., is the set of the positive roots; R= {- U 
a^,Q^: {a( | i e /} are the simple coroots; = is the coroot lattice. 

: = {/i G I (/X, Q!i) < 0, z G /} is the set of anti-dominant elements. 
Wi, p: {wi I i G /} are the fundamental weights; p = 5 X]/3ei?+ P {.^ IZiei '^O' 
^i- {"^i 1*6-^} the fundamental coweights. 
W: W — {(7a, ■ i G I) is the Weyl group of (g, [)). 
9,u}o: 9 is the highest (long) root of R; ojq is the longest element in W. 
0af: the (untwisted) affine Kac-Moody algebra associated to g. 
[)af: Cartan subalgebra of gaf. 
ao, 6: ao is the affine simple root; i5 = ao + ^ is the null root. 

i?+ = {a + mS \ a G R,m € Z+j U R~^ is the set of positive real roots. 
S,Y: S = {(Tq. I i G /af}; F C A is a subset. 
Waf: the Weyl group of gai; I^af = {(Ja, ■ i e LJ). 
Waf,y: the subgroup of W^f generated by {a a \ a <eY}. 
W^f-. the subset {x G I^af | iix) < £{y),yy G a;I^af,y} of I^af- 

Q: the Kac-Moody group associated to the Kac-Moody algebra gaf. 
B: the standard Borel subgroup of Q. 
Vy- the standard paraboHc subgroup of Q associated to Y; Vy I> S. 

LK, VtK: Lif = {/ : §1 ^ A' I / is smooth }; ^IK = {/ G LK \ /(Igi) = 1;^}. 

S,S: S = Q[ai, ■ ■ ■ ,q;„]; S = Q[Q;o,ai, • • ■ ,a„]. 

qx: qx = qt' ■ ■ ■ C for A = ELi & Q"' ■ 

Oi, ap: Oi ~ is a simple reflection, dp is a reflection for (3 G Rf^ U ( ^ ^rc)- 

(7„, cr": Schubert classes for G/B, where u &W. 
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&x, 6^: Schubert classes for Q jVy ■ 

Cx\y\'- defined in section 3.1 for any x,?/ e T^af- 

dx\y\'- defined in section 3.1 for any x,y & ■ 

'^'x.y- '^'x,y — '^x,y\ag=-e with Cx,y defined in section 3.1. 

Ti: ri(u) = {7 G i?+ I e{u(T^) = £{u) + 1}, or simply Ti = Tiiu). 

T2: T2{u) = {7 e i?+ I e{ua^) = e{u) + 1 - (7'', 2/5)}, or simply T2 = T2{u). 

2.2. Some more explanations. See [T7] and [M] for the meaning of the notations 
as in section 2.1 as well as the theory of Kac-Moody algebras and groups. 

The fundamental weights {wi \ i € 1} are the dual basis to the simple roots 
{a^ \ i E 1} with respect to the natural pairing (•, •) ; f) x (j* ^ C. The simple 
reflections {ai = \ i £ 1} act on () by ai{X) = A — (A, ai)a]' for A G (). Therefore 
the Weyl group W, which is generated by the simple reflections, acts on [) and [)* 
naturally. Note that R ~ W ■ A. For any •y G R, -f = w{ai) for some w £ W and 
i £ I. We can well deflne 7^ = w^a^), which is independent of the expressions of 
7- 

The Weyl group Waf of gaf is in fact an affinc group. W^i ~ W k Q^, where we 
denote tJl the image of A G in VFaf (by abusing notations). To be more precise, 
one has ap = aatma'^ for /3 = a + mS G i?rc = ( — ^rc) U ^ro- particular, CTq,,, = 
(Tgi-ev. Given w G VF, A G (3^,7 G 0^^^ Zcti and m G Z, we have tw\ ~ wtxw~^ 
and the following action 

wt\ ■ (7 + mS) = w • 7 + (to — (A, 7))i5. 

Since (M^af , S) is a Coxeter system, we can define the length function £ : W^f Z>o 
and the Bruhat order {Wni, ^) (see e.g. [T6|). We use the following notation 

^ = ['^Pi ■ ■ ■ ^pArcd, 

whenever (cr^g^, • • • , crp^) is a reduced decomposition of x G Wai; that is, r ~ ((x), 
X = cr^j • ■ • (T^^ and /3i's are simple roots. (It is possible that fii = fij for i ^ j.) 
This notation will also be used throughout this article. 

Explicitly, the affinc Kac-Moody group Q is realized as a central extension by C* 
of the loop group consisting of the C((t))-rational points G(C((t))) of G extended 
by one dimensional complex torus. For each subset y C A, there is a standard par- 
abolic subgroup Py C Q corresponding to Y . In particular, B = V$ and we denote 
"Po = "Pa- For our purpose of studying the generalized flag varieties Q/B and QjVii, 
the group Q can be taken simply to be ^ = G(C((t))). That is, Q = Mor(C*,G). 
As a consequence, = G(C[[t]]) = Mor(C, G) and 6 = {/ G T^o | /(O) G B). 

In the present paper, we only consider the following two cases: Y = % and Y = IS.. 
Note that M^afj = {!}, W% = W^f and W^f,A = W. We denote W'f = W^. 

3. PONTRYAGIN PRODUCT ON EQUIVARIANT HOMOLOGY OF flK 

The T-equivariant (Borel-Moore) homology H^{ilK) of based loop group il.K 
is a module over S = 7?^(pt) = Q[ai, • • • , a„] with an S'-basis of Schubert classes 
{6a; I X G W^af }, where W^f is the set of length-minimizing representatives of cosets 
in Wai/W. T acts on flK by pointwise conjugation. The Pontryagin product 
ilK X riK riK, given by (/ ■ g){t) = f{t) ■ g{t), is associative and T-cqui variant. 



The notation tx is used instead of t^^x) ™ chapter 6 of | 17| . 
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Therefore, it induces a product map Hj{Q.K) H]^{nK) Hj{Q.K), making 
H^{Q.K) an associative S-algebra. The structure constants y £ S are defined by 

af 

for x,y S W~f. The main result of this section is Theorem 13.31 which gives an 
expUcit formula for the Pontryagin product as b^y = Ea,p6Qv c^,[t^]Cy^[t^]dz^[t^+^] 
with c^,[y], defined combinatorially as below. As we will show in section 5.2, 
these structure coefficients b^y's indeed correspond to quantum Schubert structure 
constants for the equivariant quantum cohomology QH^{G/B). 

3.1. Definitions and properties of c^.[j,] and ^^.[i/]- 

Definition 3.1. For any x,y € W^t, we define the homogeneous rational function 
Cx,y = Cx,yiao, ■ ■ ■ , a„) G Q[aQ,af, • • • , a^] as follows. Let x = [afj^ ■ ■ ■ cr^^Jrod. 
If y ^ X, then Cx,y = 0; if y ^ x, then 

where the summation runs over all (ei, • ■ • , £„) G{0, 1}™ satisfying cr^^ • ■ • cr^"' = y. 
We define Cx,[y] G • ■ ■ , a^] as follows. 

"-M = Y.,^yw ^---Lo=-fl = 
Let 7fc denote the (positive real) root ap-^ ■ ■ ■ <ypk~iiPi^)- define the homoge- 
neous polynomial dy,x = dy^xio^o, cei, ■ ■ ■ , a„) G Q[q;o, ■ ■ ■ , Q;„] as follows. 
If y ^ X then dy.x = 0; if y = 1, then dy.x ~ 1; if y ^ x and y ^ 1, then 

dy,x = ^lii---li^, 

where the summation runs over all subsequences (zi, • • • , i, ) o/ (1, • • • , to) such that 
y = WPi^ • ■ ■ f^PiJred- 

We define rfyjx] G Q[ai, • • • , an] as follow. 

dy,[x] = dy^x\^^^_g = dy,xi-0,ai, ■ ■ • ,an). 

Note that for any y,y' G M^af with yVF = y'W, one has c^_[y] = Cx,[y']. In 
addition, one has dx^[y] = dx^[y'] provided x G W~f (following from Lcmma l4.22p . 

Proposition 3.2 ([H]; see also chapter 11 of [U). Cx^y and dy ^ arc well-defined, 
independent of the choices of reduced decompositions of x. The transpose of [cx.y) 
is the inverse of the matrix [dx.y) in the following sense 

Note that both summations in the above proposition contain only finitely many 
nonzero terms. 

3.2. Explicit formula for Pontryagin product on H^iyiK). Because of the 
homotopy-equivalence between Q/Vo and ^IK, we interchange the notations Q/Vo 
and U,K freely. Let Tc denote the standard maximal torus of Q with maxi- 
mal compact sub-torus T. The T-equivariant cohomology H'^^Q/Vq) is an S- 

algebra with a basis of Schubert classes {S^ | x G M^af }, where S = i?^(pt) = 
Q[q;o,Q;i, • ■ • ,an]. Note that T C T is a sub-torus. The T-equivariant cohomology 



GROMOV-WITTEN INVARIANTS FOR. G/B AND PONTRYAGIN PRODUCT FOR nK 7 



H^{Q/Vo) is an ^-algebra with a basis of Schubert classes {6^ | x £ W^af }' where 
S = H^{pt) = Q[q!i, • • • , an]- Furthermore, one has the foUowing evaluation maps 
cv : H*^{g/V^) H^iG/Po) andev: S -^S such that ev(/e^) ei)(/)6^, where 

/ = /(ao, ai, • • ■ , ctn) S S and ev(f) = f{—9, cti, - ■ ■ , Un) S -S*. (See appendix 17.41 
for more details on the above descriptions.) 

The T-equivariant homology iJj(^//7-'o) is the submodule oi Horns {Ht'{G /Vq), S) 
spanned by the equivariant Schubert homology classes {Qx \ x € M^^f fl which for 
any x,y € W~f satisfy (6a;, 6^) = S^.y with respect to the natural pairing. 

The adjoint action of T on if induces a canonical action on QK by pointwise 
conjugation; that is, {t ■ f){s) = t ■ /(s) ■ for any < £ T and / S flK. The group 
multiplication K xK K induces a so-called Pontryagin product ^IK x il,K il,K 
by pointwise multiplication; that is, (/ • g){s) = /(s) • g{s) for any f,g e flK. The 
Pontryagin product is obviously associative and T-equi variant. Therefore it induces 
H'^ip.K) ® H^{VLK) H^{VlK), which is also called the Pontryagin product. As 
a consequence, {VlK) is an associative S'-algebra. Furthermore, one has 

af 

for x,y G W~f with the structure coefficients b^ y G S being polynomials. Now we 
state the main result of this section as follows. 

Theorem 3.3. For any x,y,z G ' structure coefficient ^ for H"^ {yiK) is 
given by 

In particular, b^ y ~ by ^ for all which implies &x&y ~ &y&x- 
Note that Vo ~ Va and W~f = W^. By replacing A with a general subset 
y C A, HJ [Q /Vy) and 6y can be defined in a similar manner. To distinguish 
these with the case of our main interest Q /Vq, wc denote for the case y = 

(note that V$ = B). These notions can be extended to T-equivariant (co)homology 
for Q jVy for a larger T-action. The corresponding Schubert classes arc denoted by 
"S" instead of "S" . 

Definition 3.4. Given x S Waf, we define the element if}^ in Y{oms{H^{Q /Vy): S) 
to be the canonical morphism ipx — ('-D* ■ H^{Q /Vy) H^{pt) = S, where is 
the T -equivariant map : pt ^ Q/Vy given by pt i-^ xVy . 

We define ip'^ to be the element ip'^ = {l^ )* in llomg{H^{Q /Vy), S), by consid- 
ering the action by the larger group T. 

Since we consider the cases y = A and Y = (/} only, we simply denote 

V. = ^^; i'x = ^t, € = i^l ^l = i^l 

The relation between 6|J and tjjy is expressed in the following lemma. 
Lemma 3.5 (Proposition 3.3.1 of For any x G M^af, S° Syeiv j '^^■yV'y- 



■^We should note that we are using the equivariant Borel-Moore homology (see e.g. 1131 ). 
^The terminologies used in [T] and the present paper can be identified as follows:£3; = ©2 s-^i 
e(M)to)=^°(M)forMGHt(g/B). 
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Note that one has Va; = '4'y whenever xW = yW (foUowmg the definition), 
and that the canonical map tt^ : H^{g/B) Hj[g/Vo), induced by the natural 
projection it : Q /B ^ Q /Vq, is given by 



0, iix^^w-, 



af 



Proposition 3.6. (i) For any x G W^u V° = Eyew.f dy,M^l H^iG/^)- 

(ii) For any x G PKj, tpx = Eyevy-f ^y,W®y Hj'{g/Po). 

(iii) For any x G 6^; = Etegv c^jtjV't- 

Proof. (i) It follows from Proposition 13.21 and Lemma 13.51 that 

Note that is both T-cquivariant and T-cquivariant and idp^, idg/g are 
morphisms preserving the T-action. Hence, the identity idg /tsot^ ~ t^.oidp^ 
induces -0° o ev = ew o -0^ : H^{Q /B) S. Therefore, 

= € ° ev(6g) = ev o ^0(6g) = e«(d,.,) = 

Hence, V'S = Eyew ^'^y-lA'^'y^ where the summation contains only finitely 
many nonzero terms since dyjx] ~ whenever y ^ x. Thus ijj^ G Hj{Q /B). 

(ii) Note that l^, and TT are all T-equivariant maps. Hence, the identity 

= TroLl induces = V'S ° tt* : H^{g/Vo) ^ 5*. Therefore, 

— V^^al — y^^af 

noting that the summation contains only finitely many nonzero terms. 

(iii) Denote c'^ y = Cx.y\^ --ec follows from (ii) and Proposition 13. 21 that 

6x = E ^^^y'^y = E E ^'x,z'^yA^]'^v = E ^'x,zi^^- 

y&W^f yeW^fZGW^f zeW^f 

Note that ip^ = ipy whenever z G yW, and each coset yW has a unique 
representative of translation in = Wai/W. Hence for any a; G W~f, 

6x = E ^^^^^^ = E ( E '^^'x,z)^t = E ^x.,[t]^t- 

a 

The above proposition was essentially contained in Peterson's notes j35| . 

The Pontryagin product gives an associative S'-algebra structure on the equivari- 
ant homology H^{ilK). The following proposition was stated in [35] by Peterson. 
We learned the following proof from Thomas Lam. 

Proposition 3.7. For any A, /i G , the Pontryagin product of ^pt^^ and tpt^ in 
Hj{VlK) is given by iptxi^t^ = 'iptxt,, = V'tA+f,- 

Proof. Identify A G with the co-character A : §^ ^ T, which gives a point 
A : §^ ^ K in VlK. These are the T-fixed points of . Note that ipt is the map 
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H^{VlK) H^{pt) induced by the map pt flK with image t. Thus iptx^'t is 
the map H^{ilK) — > iJ^(pt) induced by the foUowing composition of maps: 

pt — > OA' X riK — > riK, which is given by pt ^ {t\,tf^) i-^ t\t^. 

Note that pointwise multipHcation on the group takes the loops A : ^ T, 
: §1 ^ T to the loop (A + a^) : -> T. Thus ^t.V't, = V^t.t, = ^t.+,- 

□ 

Now we can derive the proof of Theorem 13.31 easily. 
Proof of Theorem \3.'A It follows from Proposition 13.61 and Proposition 13.71 that 

^ Z1a,^6QV C^,[tA]S.[tM]^*AV't^ 

Hence, h^y = Ea.meQ^ c^,[tA]S,[tMl^^JtA+^] ■ ^ 

Remark 3.8. T/ie equivariant Schubert structure constants for the equivariant co- 
homology of based loop group QK can also be expressed in terms of c^jjj] and d^jjj]. 
(See appendix \ 7.4\ for more details.) 

Note that c^. [j^j, Cy [t^j and d^ ^t^^^-^ are homogeneous rational functions of de- 
gree —£(x),—£(jj) and £{z) respectively. Since is a polynomial, we obtain the 
following corollary. 

Corollary 3.9. Let x,y,z G W~f, one has b^y = unless £{z) > £{x) + i[y). 
Furthermore if £{z) = £{x) + £{y), then the rational function b^ y is a constant. 

4. Calculations for structure coefficients 

In this section, we analyze the summation in the formula for the structure coef- 
ficients b^yS. We obtained several useful formulas, including the following two as 
the main results of this section. The proofs are elementary and combinatorial in 
nature. These two formulas have been obtained by Lam and Shimozono |26j by a 
different method using nil-Hecke ring and Peterson j-isomorphism. 

Proposition 4.1. For any wt\,t^ £ ! one has 6.u,f^6t^ = &wtx+^- 

Proposition 4.2. Let ait\,utf^ e ^here ct; = cTq; with i £ /. Then one has 

&aax&ut^ = iu{w,)-W,)eutx+^ + Y il'^ ^W.,)&ua^tx + ,, + Y (7"" , ^i) S„<,^ t^^^^^vB 

where Ti and T2 are as defined in section 2.1. 



^ The coefficient (7^, Wi) is always equal to zero if either 7 G Fi and ^to■-^^;^_|_JJ ^ W^j. or 7 G r2 
and Mo-^tA+^+^v ^ PV^. 
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In section 4.1, we introduce some well-known facts on the Coxeter group W^t- 
We also prove propositions in section 4.1 as preliminaries for later simplifications. 
In section 4.2 and section 4.3, we simplify the summations involved in formulas for 
&wtx ' *St s-i^d &aitx ' ®Mt respectively, where the main lemmas are Proposition 
I4.15[ Proposition 14.191 and Proposition 14.201 Since the proofs are elementary, we 
treat them in the appendix. After computing certain c^.y and dx,y, we obtain 
Proposition 14. 1 1 and Proposition 14. 21 in section 4.4. Finally in section 4.5, we give a 
useful simplified formula for general &x&y 

4.1. Preliminaries. Recall that S = {(Ji \ i G /af}. Denote T = {xaiX~^ \ x S 
Wai,(7i G 5} = {(T-y I 7 e Rtc]- Let x,x' e VFaf- We say x covers a;', denoted by 
x' —* X or x' X, if and only if there exists some & T such that x = a^x' and 
i[x) = £{x') + 1. We say x' ^ x with respect to the Bruhat order (Waf, if and 
only if there exists a chain x' = xi X2 ^ ■ ■ ■ ^ Xk = x. We list some well-known 
facts (from [Ij and [16]) for the Coxeter system (Waf, 5) as follows. 

Lemma 4.3. Let x,y ^ W^i with x ~ [ap-^ ■ ■ ■ cr /j,,]rod- Denote ~ <ypi ■ ■ ■ o'fSk-i iPk)- 

(a) If y—^x, then there exists a unique j, I < j < r, such that x = cr-y^y and 

y = Wlii ■ ■ ■ CT/3^_iCT/3^ + i • ■■(Tp^]red- 

(b) If y 4 X, then y = [ap^^ ■ ■ ■ cr^j^Jrod for some subsequence (fci,-- - ^k^), 
which we call an induced reduced decomposition ofy from x ~ [cr^j • • • (T/3^]red- 

In particular, if y ^ x and i(x) — £(y) + 1, then y —i x for a unique j . 

(c) (Lifting Property) Let ai G S. Suppose i{<Tix) > £(x) and £{(7iy) < £{y), 
then the following are equivalent: 

(i) a.iX ^ y; (ii) x 4 y, (iii) x ^ aiy. 

(d) {71, • • • ,7r} = {7 e R+ I x-i(7) e -Rtc}; ei^y) < i{x) + £{y). 

(e) Let 7 G e{a^x) < ((x) ^ x.-^-f) G -R+. 

Each element x G Waf ^ W x can be written as a; = wt\ for unique w ^ W 
and t\ G Q^. Recall that the set of anti-dominant elements in is 

= {mGQ^ I <0, iGl}. 

The length-minimizing representatives in W~f are characterized as follows. 

Lemma 4.4 (see e.g. [26|). Let A G and w eW. 

(a) Ifw{X) G Q'-', then t(tx) = (w(A), -2p). 

(b) wt\ G W^f -^==> A G Q^, and if {X,ai) = then w{ai) ^ 0. 
Furthermore if wtx G W^^, then £{wtx) = £{tx) - £{w) = (A, -2p) - £{w). 

Corollary 4.5. Let A G . Suppose A is regular; that is, {X,ai) ^ for each 
i E I . Then for any w,u E W , one has (i) wt\ ^ t\; (ii) wt\u ^ t\ implies u = 1. 

Proof. Write w — [cr^^ • ■ -cr^^Jrcd- Denote Xj = up^ ■ ■ -up^tx for each 1 < j < r. 
Since A G is regular, Xj G for each 1 < j < r+l, where we denote Xr+i = tx- 

(i) £{xj+i) = £{tx) -£{(Ti3.^^ ■ ■ ■ ap^) = £{tx) - (r-j). Note that xj+i = (Jp^Xj and 
i{xj+i) = £{xj) + 1. Thus Xj =^ Xj+i for 1 < j < r. Hence, wtA = xi ^ Xr+i — tx- 

(ii) Note that xj G VF^jJ for 1 < j < r+l. Hence, £{xju) = £{xj)+£{u), £{a(3.Xju) = 
£{xj+iu) > £{xju) and £{ai3-Xr+i) = £(xr+i) — 1 < (-{xr+i)- Therefore if XjU =^ 
Xr+i, then Xj^iu = ap-XjU ^ x^+i by Lemma [4.3l Hence, xiu = wtxu =4 tx ~ Xr+i 
implies txu — Xr+iu =4 Xr+i, by induction on j. Thus £{u) = and u — 1. □ 
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The following useful lemma will be applied frequently later. 
Lemma 4.6 (see e.g. [32]). For any 7 e R+ , l{a^) < (7^, 2p) - 1. 

The following lemma is on the property of the longest element too in W. 
Lemma 4.7. ujoi—S) ~ 9. 

Proof. (We learn the proof from Victor Reiner.) The highest root 9q G i?^ is 
characterized among all the positive roots by the property that {60, a^) > for all 
a^'s. Note that u!o{—9) is a positive roots. Furthermore for any simple root a^, 
iicTujaia,)) = ^(woo-jWo) = ^(wq) -^(o-jWo) = £(wo) - (^(^o) -^((Ti)) = 1- which implies 
that u!o{ai) ~ — cr^ for some j G /. Note that luo = '-^o^ ■ Hence for 60 = luo{—6), 
{00, at) = {iOo{-e),at) = {6, -c^o(a,)^) = {0, a)) > 0. Thus 60 = 6. □ 

The following result was mentioned explicitly by Lusztig in section 2 of [30]. It 
is proved by Stembridge as a special case of Theorem 4.10 of [37] . 

Proposition 4.8. For A, /i G Q^, ^ t\ A fi; that is, fj, — X — J^iei '^i'^i 
with Oi > for each i G /. 

Corollary 4.9. Let t\,wt^ G W^^. Then wt^ =^ tx X ^ ji. 

Proof. We can assume A, /i to be regular. (Otherwise, we take any regular t G 
and consider A + r, /i + t.) We claim that wt^ =4 t\ t^ =<; tx. Hence, the 
statement follows from Proposition [4?8] immediately. 

Indeed, we have wi^ =^ by Corollary 14.51 Suppose tx , then we have 

wt^ =4 tx. Suppose wt^ tx- Write w = [ap^ ■ ■ -o-^^Jrod- Note that (.{afj^wt^) = 
l{tf,) - £{w) + 1 > £{wt^) and iicrp.tx) = £(<a) - K i(tx). Hence, wtf, 4 tx holds 
by Lemma 143] where w = ap^w with l{w) = l{w) — 1. Thus we can deduce =::^ tx 
by induction on i{w). □ 

Lemma 4.10. Suppose A G satisfies (A, a^) < —2 for each i G FThen tx G 
W^f admits a reduced decomposition of the form tx = tOoaoUiao ■ ■ ■ UrCro, where 
Uj G W for all j. 

Proof. It follows from Lemma [4.7l that tx = t^g^tx+e^^ = cjoO'ei-eV'eu'o^A+e"^ • Note 
that for each i G /, {X + e'',ai) < -2+ (6'', at) < -2 + 1 = -1. Hence, X + O"^ G Q"^ 
is regular and we have aetuotx+e'^ G W^f. Hence, any reduced decomposition of 
agujQtx+e'^ must be of the form uictq ■ ■ ■ UrO'o. Furthermore, 

^(^a) < ^(wo(Tei_ev) + £{aeuJotx+0'') 

= ({ujoaa) + i[tx+e^) - ({(Jeujo) 

= i{ujo) + 1 + (A + 0^, -2p) - {£{luo) - e{<Je)) 

^l+£{tx)-{e'',2p)+£{ae) 

< 1 + £{tx) - {e^,2p) + (0^, 2p) - 1 = £{tx). 

Hence, all inequalities are indeed equalities. Thus tx admits a reduced decomposi- 
tion of the form ljoCTqUicto • • • Urcro. □ 

Lemma 4.11. Suppose X G satisfies (A, a;) < —2 for each i G /. Take a reduced 
decomposition of the form tx = uJoaoUiao ■ ■ ■ Ur<7Q. Then for any w G W, the 
induced reduced decomposition (s) ofwtx =4 tx must be of the form uoCoUiao ■ ■ ■ Urdo 
with uq = wiUo S W . 
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Proof. The induced decomposition(s) of wtx is of the form wtx = UQiJoit^CTo • • • u'j.(7o 
with u'q =^ too and u'j =^ uj for each 1 < j < r. If u'j ^ uj for some 1 < j < then 
^(Wj) < £{uj) — 1. Note that tx ~ uoaQUiao ■ ■ ■ Ur<Jo ~ w^^UQcrou'icro • • • uJ-CTq. Thus 

£(wo) + r + l + V' £(ufe) = £(wocrouio-o • • • UrO-o) 

■"^ — ^l</c<r 

= £(u;~"^UQO-owi'''o • • ■ "rCo) 

— ^l<A;<r 

< £(wo) + r + 1 + l{uj) - 1 + V, ^ . £K) 
= £(wo)+r + ^ i{uu). 

^ — ^1<A;<7' 

This is a contradiction and therefore the induced reduced decomposition(s) of wtx 
must be of the form uqOqUxUq ■ ■ ■ UrtJo, which imphes uq ~ wajQ. □ 

4.2. Simplification for S^t^-St^. For any x,y £ W^f, we denote c'^ y = Ca-,y|^ __g 
The main result of this subsection is the following proposition, which says that the 
summation for the product contains at most one nonzero term when one of the 
Schubert classes is defined by a translation. 

Proposition 4.12. Let wtx,tf^^W^f . If {n,ai) < -~i{ujo) for all i G /, then 

&wtx&tf^ — Cwtx.wtx'^t^.wt^^wtx+^,lwtx+f,u]-'^]&wtx + ^r 

In order to prove this proposition, we first need a few lemmas. 

Denote [z] the coset zW for z G Waf. Each coset [z] contains a unique element 
m^z] G of minimum length and a unique clement of translation t^^] G ■ Note 
that if TO[2] = vitxi, then tf^j = i„i(Ai) = vitx-,v^^. 

Definition 4.13. The length of a coset [z] is defined to be £{[z]) = ^(mj^]). Let 
X S M^af . We define (i) a; [z] if x ^ mj^j and (ii) [z] ^ x if m^^] =^ x. 

Lemma 4.14. Let x = wtx G W^f, z G VFaf. If x ^ y with y e [z], then x =i [z]. 

Proof. Write m^^j = G W~f, then y = ut^j^v for some v ^ W. Let v = 
[ap^ ■ ■ ■ (J/3;.]red and denote y = ut^ap^ ■ ■ ■ crp^^^ ■ Note that ^{ap^x^'^) = ^(a;~^)+l > 
£{x~^) and ^(cr/jfc?/"^) = i{y~^)~ 1 < £{y~^)- Since x 4 y, x~^ =4 y^^ and therefore 
x~^ =4 ap^y~^ — by (c) of Lemma 1431 Hence, x ^y with = — 1. 
Hence, the statement holds by induction on l{v). □ 

Proposition 4.15. Let x,y,z G W~f with x — wtx and y = t^. Let ti,t2 S 
and denote Vjtx^ = n^[tj]7 i^h -2- Suppose x ^ [ti],2/ Ij= [^2], z =4 [^1^2] aJ^rf 
£(z) > £(a;) + £(y). // {^l'ai) < -£{ujo) for all i G /, then 

vitxi ^ wtx, V2tx2 ^ wt^ and z ^ wtx+n- 

Proof. See appendix 17. II □ 

Lemma 4.16. Let x,y ^ W^^ with x ~ wtx o,nd y ~ ut^. Then c^. [^j = c^. y, if 
either X — 11 with A regular or £{x) ~ £{y) + 1. 

Proof. Recall that Cx.[y] = J2zgvW '^'x z- Given z G yW, one has z = utxv for some 
V G W. Note that ^ ^ only if z x. Suppose X = fj, and A is regular, then 
utxv =4 wtx =4 tx implies w = 1 by Corollarv l4.5l Suppose £{x) = £{y) + 1. li z ^ y, 
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then i{z) > £{y) and therefore z ~ x follows from z ^ x, which contradicts to the 
uniqueness of the length- minimizing element in each coset. 

Hence, Cx.[y] = c^. y if cither of the two assumptions holds. □ 



Proof of Proposition \4-12\ By Corollary 13.91 &x&y = J2z^x,y^!' '^i^h summation 
running over those z G W~f satisfying £{z) > £{x)+£{y) and the structure coefhcient 
bx,y = J2ti,t2 '^x,[ti]Cy,it2]dz,[tit2]- Here c^^.n^] = unless x )p [ti]\ Cy^[t^] = unless 
y ^ [^2]; dz,[tit2] — unless z =^ tit2, which implies z =4 [^1^2] by Lemma 14.141 
Hence, our result follows from ProDOsition l4.15l and Lemma 14.161 immediately. □ 

4.3. Simplification for &a-itx ■ 'Sut^- Recall that for u G W , 

Ti = {7 e i?+ I £{ua^) = l{u) + 1}, = {7 G i?+ I £{ua^) = £{u) + 1 - (7'', 2p)}. 

The main result of this subsection is as follows. 

Proposition 4.17. Let y G with x = (Jit\ and y ~ ut^i, where cr; = for 
some i E I . Suppose (A, aj) < —£{ujo) and (/i, aj) < —£{u!q) for all j G /, then 

76ri 7er2 
where — '^x,ut;iS.y^"'^T*A+M'["*^+M""^]~'~ ''2;,ii'T^tA''y,MCT7t,»'^"'^"'*A+M.['"'^T*A+M<^"'""^]' 

Lemma 4.18. Let x,y,z G W~i with x = ait\ and y = ut^ where i E L. Let 
tj G and denote Vjt\. — "^[4^], j^l, 2. Suppose x )p [ti\,y ^ [t2],z ^ [tit2] CLnd 
£{z) > £{x) + £{y). Then only the following two possibilities can happen, 

Case A: £{[tit2]) = £{x)+£[y) + l; Case B: £{[tit2]) = £{z) = £[x)+£{y) . 

Proof. Note that z =<; [ti^a] imphes £{z) < £{[tit2]). Therefore, 

£ix) + £{y) < £i[tit2]) = £i[vit^,v-\2tx2]) 

< £{vitx^V^^V2t\^) 

< £{vitx,) + £{v^^) + £{v2tx2) 
= £{tx,) + £{v2tx2) 

<iitx) + £iy)^£{x) + l + £iy). 

Hence, only two cases (Case A or Case B) are possible. □ 

Proposition 4.19. Under the same assumptions as in Lemma \4.18[ we assume A 
is regular. If Case A occurs, then vitx^ = utx and V2tx2 = utfj,. Furthermore, 
only one of the following three possibilities can happen, 

a) z = utx+fj.; 

b) there exists 7 G Fi such that z = ua-ytx+fj,; 

c) there exists 7 G r2 such that z = ua~ftx+ij,+-f'^ ■ 

Proof. See appendix 17.21 □ 
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Proposition 4.20. Under the same assumptions as in Lemma \4-l^ we assume 
that {X,aj) < ~£(uJo) and {fi,aj) < —£{ll!q) for all j G /. // Case B occurs, then 
only one of the following two possibilities can happen, 

a) there exists 7 G Fi such that vitx^ — ua^tx, V2t\2 ~ ua-ftf^, z = ucr^tA+^i/ 

b) there exists 7 G r2 such that vit\^ ~ ua^t\, V2tx2 = wcr^t^+^v , z = ua-ytx^fj^^jv . 

Proof. See appendix 17.31 □ 



Proof of Proposition \4.17\ Note that G^&y ^ J2zew- Ei, t, c^,lti]Cy.it2]dz,itit2]&z, 

af 

where the only nonzero terms arc those satisfying x )>= [ti],j/ )?= [^21,2; =^ [iit2] and 
£{z) > £{x) +£{y). Therefore, our result follows from Proposition [1391 Proposition 
14.201 and Lemma [4. 161 immediately. □ 

4.4. Calculations for &wtx ' and ©0-^4;^ • S„t^. The main results of this 
subsection are Proposition 14.11 and Proposition 14.21 as stated in the beginning of 
this section. 

The reduced decomposition(s) of w G C H^af does not contain the simple 
reflection (Jag . That is, reduced decompositions of w G 14^ with respect to {W^i, S) 
are exactly the same as reduced decompositions of w with respect to the Coxeter 
sub-system (W, {oa^ \ j G /}). As a consequence, d^^v S Q[ai, • • • , and c„.„ G 
Q[Q!f , • • • , a^] for any u, w G W. 

The following lemma is useful for calculations of certain structure constants. 

Lemma 4.21 (Lemma 11.1.22 of [24]). For any v,u £ W, 

dv,u=(^ II /^)"(ci--it^o,«-it^o)- 

/3G-R+ 

Lemma 4.22. For any x,y £ W^^ and any w G W, one has dx^yw — dx.y 

Proof. Let y = [ap^ ■ ■ ■ cr/jjrod and w = [ap^^^ ■ ■ ■ (T/3^,+Jrod- Then (3k+i, • • ■ , fik+s e 
A, Pk = ao and yw = [ap^ ■ ■ ■ ap^^^]^^^- For any subsequence J = (ji, • • • ,ja) of 
(1, • • ■ , A: + s), we denote crj = ap-_^ ■ ■ ■ ap.^ . Suppose x = [crjjicd, then J must 
be a subsequence of (1, • • • ,A:). Therefore, dx,yw = d^^y by definition. Indeed, if 
J = Ji y J2 with J2 C (fc + 1, • • • , fc + s) nonempty and Ji C (1, • • • , /c), then 
G W and - £(aj,(Tj,((TjJ-i) = £{aj,) < |Ji| < \J\ = ^(x), which 

contradicts to the fact that x is length-minimizing in the coset xW. □ 

Suppose that (A,ai) < —2 and {iJ,,ai) < —2 for all i £ F Let m = £{t\) 
and p ~ £{tf_i). Because of Lemma |4.10[ we can take reduced expressions t\ = 
[o-/3i • • • o-/3,,Jrcd and t^ = [(Jp^^^ ■ ■ ■ ap^^^J^cd such that /J^+i = Pm+r+i = ao and 
t^o [o-/3i •■■CT/aJrcd = [o-/3™+i ■ ■ ■ o-/3,„+Jrod, whcrc r = £{ujq). Note that tx+^^ = 
[o'/3iO-/32 ■ ■ ■ cr0„+p]rod • Denote Hj ^ ap^- - ■ ap._^ {(3^) for 1 < j < m + p, and denote 
Hj ~ cr/3,„+i ■ • • C/Jm+j-i iPm+j) for I < j < p. We will adopt the same notations of 
Hj 's and Hk 's in this subsection and section 5.3. 

Note that H„i+j ~ t\ {Hj ) for 1 < j < p, and that for any w G FF one has 

f[H.=f[H.^ n p-i-if-^ n /?) = (-1)'^"'^ n 

»=1 i=l /3ei?+ peR+ 
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Lemma 4.23. Suppose that {X,ai) < —2 and (^,ai) < —2 for all i € I. For any 

V, u,w € W , one has the following 

(1) d^,v = n -,<^R+ 7- 



(2) dyt^,vt^ 



(n n 



(3) c 



w(d„-i,ti-i) 



vt\,utx — TJ™ 



n;'Li^(^.)' 

(4) ■ dyjt^^^^wt^^^ = n "'(■^j)- 



Proof. Due to Lemma I4.11[ we can write vt^ = [cr^.^ • • • ap. cr^^^j • • • (T^„]rcd with 
• • ■ ,*fc) a subsequence of (1, ■ • ■ , r) and vloq = [o'ffi-^ ■ ■ ■c^fi^lrcd- 

(1) Let V = [cr/3„+i • • • cr^jM+Jrod and denote 7^- = ap^,^, ■ ■ ■ ctp^,^^_,{(3m+j), 
where M > m + p. Then d^^u = YVj^i Ij ~ W -ier+ 7, by Lemma [ 



, k ^ m 

(2) d„t^,«t^ = I n C^fti ■ ■ ■ ) ) • n CTfti ■ ■ ■ CTft, Cr/3.+ l ■ ■ • 

= rf«L^o,«wo ■ n ^'(Hj) = ( n TSH+ 7) ■ n ^(Hj). since Wo is 

an involution that maps —B7^ to the statement holds. 

(3) It follows from Lemma ILTT] that (e^^, • • • .e^^.er+i, ■ ■ ■ ,£,„) e {0, 
satisfies ct^^^ ' ' ' '-''ft'', ' ' ' '''^ri ^ "^-^ only if = ••• = £,„ = 1 
and ij^'^ • • • cr^'.'' = utJo- As a consequence, one has Cm^^^utx = c^wo/uwo ' 

— by definition. Note that 01=1 = n/3G-R+ Then the 
statement follows from Lemma [4.211 immediately 

(4) Note that the set {7 S i?+ | ^(7) G R^} is w-invariant and rii'=i ^ 
11/367?+ f^- Therefore, it follows from (1) and (2) that 

u'(rft«~i,t«-i) •c^t"tA+M.'"tA+f, = n ^'^i n ^) ■ n ^"^-^j) 

TeH+ 7eH+ j=r+l 

n n t)- n ^(^^) 

m-\-p 

=«;( n 7)- n ^(^^■) 

7Gfl+ j=r+l 
r m+p m+p 

= "^(H ■ n ^(^^o = n ^"(^^■)- ° 



Proof of Proposition \4. 1\ We first assume {fi,ai) < ~£{ujo) for each i £ I. Note 
thattA(-ffj)L^^_e = ^^jL„=_e- Bydefinition, d.^tx+^,wtx+^ = dwt>,,wtxirj=iWtx{Hj), 
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rfi,!/;-! = 1) and Cwtx,wtxdwtx:Wtx = 1- By Lemma [4.221 and Lemma [4.231 we have 

].\.j = l^\^3) j=l 

Hence, it follows from Proposition 14. 121 that Quitx^t^, = & wtx+^- 

In general, we take k G such that (k, Ui) < — £((jJo) and (k + Ui) < —£(ujo) 
for each i £ I. Denote x ~ wt\, y = i^. Because of the associativity of the product. 

Hence, b^y = if zi^ ^ xt^^+K,] b^y = 1 if zi^ = a;t^+K, that is, z ^ wtx+fj. □ 

Lemma 4.24. Suppose that {X,aj) < -~£{luo) and {^,aj) < —£{luo) for all j G 
/. Let v,u G W and Ui = with i G I. Then one has dai,u = Wi — u{wi). 
Furthermore, 

(1) dua^tx+^.Mx+^ = • dutx+^Mx+^i lor any 7 G Ti. 

(2) dua,tx+,,+^-. M>.+^ = ^1^^^ ■ dutx+^,utx+^^ for any 7 G Ta. 

(3) Cut^,ua^t^^^vdua^tx^,+^v,ua^tx+,+^v = _^ . /o?^ 0^2/ 7 ^ La. 

Proof, da-i^u = Wi — u{wi) holds by expanding the right side (with respect to a 
reduced expression of u) and comparing both sides. Let ut^ = [tr^;^ ■ ■ -cr^i^lrod, 
utx+fj, = • ■ -CTftJrod (fc < s) and denote = cjp^^ ■ ■ ■<7fi,._^ (Pi,)- 

Note that ua^t^^^v ,ua^t\^^^^\' G W^f whenever 7 G T2; by Remark 17.11 
Therefore for 7 G £(u(T^tA+/^+7'^ ) ~ t{ut\j^p) — 1 and •^(ucr^ty^+^v ) £{ut^) — 1. 

Note that 14(7 + (5) = ^(7) + 5 G and ui7.yt>,+p+7v = au(^^s)ut\+^. Hence, 
there is a unique 1 < .7 < s such that u<T^iA+p+7~^ = [f/Sij ■ ■ ■ ■ ■ ■ crpi^]i-cd and 
7j = "(7 + S) by Lcmma|131 As a consequence, dutr^t^+^+^v I\l=i 7o = 

rf«tA+^.,«tA+^- Hence, (2) holds. Similarly, (1) also holds. 

With the same argument as above, there is a unique 1 < j < k such that 
7j = ""(7 + ^) and utr^i^^+^v = ap-_^ ■ ■ ■ a^. ■ ■ ■ ct/j.^ . Denote (ai, • • • , Ok-i) = 
j*fc) and denote 7f, = ct/j^^ ' ' ' ''■/3o6_i (/'at)- Immediately, we have 

Cut^.ua^t^^^^ = -(7j 116=1 7fc)"^ and d„o-.,t,,+^v ,u<T^t^+^v Dh^i^ 7b by definition. 
Therefore, (3) also holds by the following observation 



Proof of Proposition \4. ^ Denote x = (Jit\ and y = ut^. 

We first assume (A,afe) < —£{uJo) and {fJ,,ak) < ~£{ojq) and for each k E I. 
Note that t\{Hj)\^ = Hj\^ It follows from Lemma [4.221 Lemma [4.231 
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and Lemma [4.241 that 

= - Wi. 

For 7 G Fi, one has 

' ' rJ 4- ' ' /V 



(T^,U ^ .(T-y U ^ ■ 



_ M(wi) - ua^(wi) - w.i ]\J=i ucr^jHj) . 

u{wi - cr^{wi)) V \ 
For 7 S F2, one has 

_ u{wi) - ug^(wt) - rij-li ucrjjHj) 

= ri = (7 

"(7) 

Hence, the statement holds. 

For general cases, the statement follows from Proposition |4!T] and the associativ- 
ity and the commutativity of the Pontryagin product. □ 

4.5. Simplification for summation in y. Denote Vit\. = ^iti] G W^af 
length-minimizing element in the coset [ti] = tiW, where ti £ = 1,2. Note 

that for any x £ W^f one has that c^jt^j = Cx,[vitx ] by definition, and that dx^tit2 = 
dx,v,tx,v-'v2tx2v-' " '^'^'"^*.2-'''i(M)+^2 following from Lemma 1121 Therefore for 
any x,y,z € W^^, 

^X,y= X! '^X,[tl]Cy\t2]dz,[tlt2] = X! "^^Jfl*Al]S,[-"2tA2]^Z,b2t -1 ,,, ]■ 

tl,t2^Q fltAi .f2iA2 eVK^j 

The following lemma is contained in Lemma 13. 2. A of [15j . 

Lemma 4.25. For any A G , there exists a unique X' G and some w & W 
such that X' = w{X). Furthermore, X' =<! A. 
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Lemma 4.26. Let \i,X2 G with (\j,ai) < -2^(tJo) for all j e {1,2} and i G /. 

Let VI, V2 e W. If VI ^ V2, then < (Ai + A2, -2p) - A£{ujq). 

Proof Take w e W such that w{v2^vi{Xi) + A2) £ Q^- By Lemma one 
has wv2^vi{Xi) = \i + fii with fii )>= 0. If it; 7^ 1, then w = [u^j • • •(7/3j.]rcd with 
k>l. Note that -u;(A2) = A2 - Z^^^i {^2,Pj)lJ, where 7^ = cr^^ • • • (Tp^_-^ {Pj) e 
Therefore, it foUows from Lemma [L4l that 

^(*.-%,(A,)+A.) = (^1 + A^i + ^(^2), -2p) 

= (Ai + A2+Mi,-2p) + ^' (A2,/3j)(7/,2p) 

k 

= (Ai + A2, -2p) - (Ail, 2p} + (A2, A) • 2 + ^(A2, /3,)(7/, 2p) 

< (Ai + A2, -2p) - - 2^(wo) -2 + 0. 

If ui = 1, then w{v2^vi{\i) + A2) = A2 + w'(Ai) with = 7^ 1- With the 

same argument as above, one has (-{t^-i^^{^Xi)+\',) — (Ai + A2, —2p) — 4:£{u!o). □ 

Proposition 4.27. Let x,y <E W~f with x — utjj,y ~ vt^. If {i],ai) < —5£{uJo) 
and {K,ai) < —5£{luo) for each i € I, then one has 

Proo/. It follows from Corollary Eil] that 6x&y = I]zevF-;£(z)>«(a:)+£(a) 
Now let z = wt^. e W~f with ^(z) > i{x) + £{y) = {t] + -2p) - £{u) - £{v). 

Note that Cx,[vitx-^] 7^ only if vit\^ =^ =^ t^, which implies Ai 77; 
S-[f2tA,] 7^ ^^^^y ^'2iA2 ^'i?) ^K, which implies A2 k. Hence, Ai = 
f? + A3 = 7] + X^ie/ A2 = K + A4 = K + X^ie/ ^iO^j^ '^1*^ , 6i > for each i e /. 

Note that ^^.Nt^-i^^j^^^^^^] ^ only if z '^2i„-%j(Aj)+A2 ' particular only if 
^(«2t„-%,(Ai)+Aj'> ^(^) > - ^(m) - ^{v) > £{t^+^) - 2^(cJo). Furthermore, 

^(^2t„-i„^(Ai) + A2) = ^(^'l<Ail'r^l'2tAj 

<£{vitx,) + £{v^^v2) + £{t),,) 

= {Xu-2p) - £{vi) + £iv^\2) + (A2, -2p) 

= (r, + K, -2p) - 2^^^^ (a, + b,){at,p) - + £{v-\2) 

<^(V,)-2V. (a, + 6,)-0 + ^(c^o). 

Hence, 2X;je7(aj + h) < 3£{ujo). In particular, < 2a, < 3£(wo),0 < 2b, < M{uja), 
(Ai,a,) = (7],a,)+a,(a,^,a,)+X;j-_^,ajK,ai) < -5^(tJo) + 3£(wo) + = -2^(wo) 
and (A2,Q;i} < —2£(ujq) for each i G I. Therefore, vi = U2; since if vi ^ V2, then a 
contradiction comes out following from Lemma [4.261 

So far, we have shown that the effective summation for z ~ wtf^ runs over those 
elements vit\^,vit\2 G W^af ^^^^ Ai ^ 77 and A2 ^= n. Note that Ai,A2 G are 
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regular, then vit\. G W^^ for any vi e W. Note that dz.Xvitx-^^+x^] ^ only if 
wt^ =<; Wi^Ai-i-A-j ^Ai+A2i which implies Ai + A2 /i. Hence, the statement holds. 

□ 

5. Equivariant quantum cohomology of G/B 

In [26], Lam and Shimozono have established an equivalence between the equi- 
variant quantum cohomology of G/B and the equivariant homology of ^IK after 
localization, by using Mihalcea's criterion. For completeness, we also include a 
proof of the equivalence. Then we obtain the main theorem of this paper as stated 
below, which covers Main Theorem as stated in the introduction. 

Theorem 5.1. For any u,v,w S W, A G with \)p Q, the quantum Schubert 
structure constant N^[^ for G/B is given as follows. 

Denote A = —I2n{n + 1) X^ie/ ''^'i (which is in fact a regular and anti-dominant 
element in Q'^ )■ Let x ~ uIa, y = vtA and z = wt2A+x- 

(1) // (A, 2p) ^ e{u) + £{v) - i{w), then N^^^^ = 0. 

(2) // (A, 2p) = l{u) + l{v) - £{w), then 

(a) The rational function J^x.m eg-' c^JtAjS.ftA^I^zJtAi+Aa]' '"^'c/i belongs 
to Q[af, • • • , a^], is in fact a constant. 

(b) The quantum Schubert structure constant N'^'^ is given by 

^u.v (^x,[tx,]Cy,[tx^]dzXtx, + x^]- 

Furthermore, one has the following (by simplifying the summation) 

^U,V ~ ^ ] CxXvitxi]'^y-[vitx2]'^Z,['"i-t!^l + >^2]^ 

(Ai,A2,-ui)erxH' 

w/iere r = {(Ai,A2) | Ai,A2 ^ ^, Ai + A2 =^2A + A,Ai,A2 eQ'^}. 

In section 5.1, we review the definition of equivariant quantum cohomology of 
G/B. After that, we prove Theorem 15.11 in section 5.2. Finally in section 5.3, 
we show that our formula does recover the usual formula for equivariant Schubert 
structure constants for G/B. 

5.1. Equivariant quantum cohomology of X = G/B. Let and tr"' denote 
the Schubert classes in H^,{X,'E) and H*{X,Z) respectively. One has H^,{X,'E) — 
0,„g^ Za^; H*iX, Z) = ©^^^ Zct"'; a") = S^^, for any u,veW. If we write 
5"'" = /j^j cr" U cr", then the matrix (5"'") is invertible with its inverse denoted as 

(gu.v) ^ {g^^"y\ 

For each i S /, wc denote Si ~ (Tq. and introduce a formal variable qi. Identify 
H2iX,Z) = 0,g^Z(T,, with 0^ via (3 = Y.^d^(^s, ^ h = E^d^a^■ Denote 

9A3 = 1^ = Uieilf '- 

Let Mo^m{X, P) be the moduli space of stable maps of degree /3 of m-pointed 
genus curves into X (see [H]). Let ev^ denote the i-th canonical evaluation map 
evi : Mo,m{X,(3) X given by evj([/ : C ^ X;pi, ■ ■ ■ ,pm]) = f{Pz). The genus 
zero Gromov-Witten invariant for 71, • • • ,7,n £ H*{X) = Q) is defined as 

h^m.pili, ■ ■ ■ ,7m) = / evj(7i) U ■ • ■ U cv*„(7„). 

•I Mo,m{X,l3) 
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The (small) quantum product for a,6 G H*{X) is a deformation of the cup 
product defined as follows. 

u,veW;f3GH2{X,Z) 

The Q[q]-module H*{X)[q] := ® Q[q] equipped with ★ is called the smah 

quantum cohomology ring of X and denoted as QH*{X). So the same Schubert 
classes cr" = cr" eg) 1 form a basis for QH*{X) over Q[q] and we write 

a *a = iV„ ,„ qxcr . 

The coefficients N^'^'s are called the quantum Schubert structure constants. In 
fact, "^y^^w 9-vi.w<^"^ = a"°" (see e.g. [H])- Compared with the original definition 
of quantum product, the quantum Schubert structure constant N^'^ is exactly 
equal to the (3-pointed genus zero) Gromov-Witten invariant /o.3,a(c", cr", cr"''"'). 
When A = 0, they give the classical Schubert structure constants for H*{X). The 
T-action on X induces an action on the moduli space Mq^^{X, [3) given by: t ■ 
if ■ C ^ X;pi,p2,P3) = {ft ■■ C ^ X;pi,p2,P3) where ft{x) := t ■ f{x). The 
evaluation maps ev^'s are T-equi variant. We use the same notation ct" to denote 
the equivariant Schubert class in H^{X). The equivariant Gromov-Witten invariant 
is defined as /^g g(cr", cr^, ct™) = tt^ (evf (ct") • ev^ia") ■ ev^ia"")), where ttJ is the 
equivariant Gysin push forward. As a consequence, the equivariant (small) quantum 
product *T is defined (see e.g. [33]). The equivariant quantum cohomology ring 
QH^{X) = {H*{X)[a,q\,-kT) is commutative and associative, which has an ^[q]- 
basis of Schubert classes with ^[q] = Q[ai, • • • , a„, gi, • • • ,qn]- Furthermore, 

a^^a-= Kv(l>^^"' ^ where iV^;^ = N^'^^ (a) e 5 - Q[ai , • • ■ , a„] . 

When A = 0, N'^'^ is equivalent to the corresponding equivariant Schubert 
structure constant. The evaluation iV™;,'^|Qi=...=Q„=o equals the quantum Schubert 
structure constant N'u'^- A direct calculation of a general N^'^ can be rather 
difficult. However if v is a simple reflection, then the following equivariant quantum 
Chevalley formula holds, which was originally stated by Peterson in [35] and has 
been proved by Mihalcea in [33]. Furthermore, the formula completely determines 
the multiplication in QH^{G/ B) as shown in [33] . 

Proposition 5.2 (Eqiuvariant quantum Chevalley formula). Let u <E W and Si — 

CFcti with i £ I. Then in QH^{G/ B) one has 

7eri 7er2 

where Fi = {7 £ i?+ | t{ua^) = £{u) + 1} and F2 = {7 G -R+ | ^(mct^) = e{u) + 1 - 
(7^2p)}. 

By evaluating at Wi = 0, the quantum Chevalley formula (see [12]) is recovered. 

5.2. Explicit formula for quantum Schubert structure constants. In this 
subsection, we prove Theorem lS.ll bv establishing an equivalence between QH^{G/B) 
and Hj(yiK) after localization. The key point is Mihalcca's criterion as follows, a 
special case {P ~ B) of which is stated here only. 
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Proposition 5.3 (Mihalcea's criterion; see Tiieorem 2 of [33]). 
DenoteQ[a,c\\ = Q[ai, • • • ,a„,gi, • • • , g„] anrfQ[a^,q] = Q[af , • • • ■ • • , g„] 

Lei A = ©ueVF 'Sio!^, qlc" 6e any Q[a^ ,q\- algebra with the product written as 
cr" ^a" = J2w A ^u.'v1>^'^^ (where Suppose the structure coefficients C^'^ 's 

satisfy the following 

(1) (homogeneity) C'^:^ G Qio;^] is a homogeneous rational function of degree 

deg(C^;,-^) = e{u) + e{v) - i{w) - (A, 2p), whenever C^^^ / 0; 



(2) (multiplication by unit) C^"^'^ 



1 , if X = and w ~ v 
0, otherwise ' 



(3) (commutativity) cr" * (t" = cr'" * cr" /or any u,v G W ; 

(4) (associativity) (cr*' * cr") * cr^ = cr''' * (cr" * cr"") /or any u,v € W and any 
simple reflection Si G W ; 

(5) (equivariant quantum Chevalley formula) For any u € W and any simple 
reflection s; G W , the product of cr''' * cr" is given by 

7eri 7er2 

T/ien for any u, v, w, X, one has 

^'u,v u,v ■ 

In particular, C™'^ = i/ deg(C™^^) < 0, and ( (!3[ci;, q]cr", *) is canonically 
isomorphic to QH^iG / B) as ^}[a,c^-algebras. 

Remark 5.4. As shown in [34], the equivariant Schubert structure constants are in 
fact nonnegative combinations of monomials in the negative simple roots. Therefore, 
Mihalcea chose the negative simple roots instead of the positive ones for positivity 
reasons. For the same reason, we define the new algebra {Hj^i^riK),*) below. As 
a consequence, the canonical isomorphism after localization between {Hf{nK),-) 
and QH^iG / B) looks even more natural. 

Define a new product • on H^{ilK) as follows. 

• 6, = 5]^^^, K,ye., where b^^^ = {-i f^^-'^^^-'^y^b:^^. 

Note that b^ y is a homogeneous polynomial of degree ^(z) — £{x) — £{y). Thus 
{H^{ilK),9) is canonically isomorphic to {Hf{ilK),-) as S'-algebras. Immedi- 
ately, it follows from the definition of • and Proposition 14. II that &x • &ti_, =■ &xt^ 
for any x,tfj, G W~f. As a consequence, {&t \ t G Q^} is a multiplicatively closed 
set without zero divisors. We have the following S'-module homomorphism 

: H^iQK)[&^^ I t G Q^] ^ QH^iG/B)[q-^]; 

where QH^iG/B)[q-'] = QH^{G/B)[qr^\i e I]. 

It is easy to show that ip is an S'-module isomorphism. As a consequence, the 
algebra Hj{nK)[et^ U G Q^] has an S-basis {Lp-^qxa"") | A G G W}. 

Therefore for any A, Be {nK)[e~^ \ t G Q^],^ • B = E,„,a ^^I'^^H'Za^'"). 
Furthermore, we have 
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Theorem 5.5. (i) tp : Hj{nK)[&t^ \ t e Q""] — > QH^{G/ B)[q-'^] is an 
S-algebra isomorphism. 
(ii) Let u,v,w £ W and A £ . Take rj^n,^ G such that x = utj^,y = 
wfft, z = wt^ lie in W~i and X = n — t] — k. Then one has 

Proof. To prove (i), wc note that {q\) • {qf_i) = 'P~^iq\+^) for any A, G Q^. 

Let A = ©„etyQK</'"'(q)]¥'"'K)' where Q[a,ip-\ci)] = •••,«„, 
ifi-Hli), ■ ■ ■ ^V^-HQu)]. Clearly, i?J(nif)[6r^ | t £ Q^] = Aiy-^qr^) \ i e I]. 

We claim that ^ is a Q[a, (^~^(q)]-algebra with basis {(^"^(cr"") | w £ W} and 
satisfies assumption (1) of Proposition 15.31 Indeed, we take r £ such that 
{T,a,) < -5e{ujo) for all i £ /. Note that for u,v £ W, <y3"^(cr") = ©uf^Sj"/, 
^-^K) = 6,4,6,-; and ^-^a^ . ip-Ha") = E.^^ew^^ ^tV6,„,^6,-r= 

j:^^.xCZ',^V>-H<lx^n- Here C^-^ = bZ^,^ = (-l)'^"'*"'-'^"*-)-'^''*-)^!^*. with 
A = ^ - 2r and deg(C^i,-^) = e{wtf,) - (.{utr) - t{vtr) = £{u) + ^(i;) - t{w) - (A, 2p) 
whenever C^'^ ^ 0. Furthermore, it follows from Proposition 14.271 that 0"!^'^ ^ 
only if t{wt^,) - l{utr) - (.{vtr) > and then (_i)'?("'*M)-^("*x)-^(i't.)cii^> ^ 

Ct!%t, = J2v^MM Cuu.lvit,jc^u,[vitx2]'^wt,Av,t,^+,2] "^^^^^ summation running 
over the set {(wi,Ai,A2) £ x x | Ai, A2 ^ r, Ai + A2 =^ ^}. Hence, 
C^'y 7^ only if the above set that the summation runs over is nonempty. In 
particular, A = /i — 2r )== 0. Hence, our claim does hold. 

For Sitx^ut^ £ VFg^, it follows from the definition of • and Proposition [52] that 

Hence, p^'^{a^^) • (y9"^((T") satisfies assumption (5) of Proposition 15.31 

Note that 64, • 6,4, = 6„42,. Hence, p^^[cr'^) • ^^^{a'") = p^'^icr''), that is, 
assumption (2) of Proposition [5731 holds. Assumptions (3), (4) of Proposition [5T3l 
hold for A trivially. 

Therefore for any u,v,w £ W and any A £ Q^, C^'^ = -/V™!,^ follows from 
Proposition l5.3l In particular. p\j\ : A QH^{G / B) is an S'-algebra isomorphism. 
Hence, p is an 5-algebra isomorphism. 

To prove (n), we note that ■^^Ho'") = 6:^64"^, p^^{(j'") 63^64-; £ A, and 
p-\a-) . ^-\a-) = E^t,^w-Cy''&^t,&t'J= E^,xC::.,'p-Hqx<j-), where 
X = H-T]-K. From (i), wc have b^.l'^ ^ C™^-^ = TV^^-^. □ 

Using the above theorem, we can prove Theorem 15. li as follows. 

Proof of Theorem[5J\ Note that N^'^^ = ^^!i)'^Li=...=Q =o' evaluation of the 
equivariant quantum Schubert structure constant iV™:„^ £ Q[ai,-- - , a„] at the 
origin (ai,---a„) = (0, • • • ,0). 

It follows from Theorem [SH that N^";^^ = (-l)^(^)-^(^)-^to)&| ,y for x,y,ze W'f 
with X = utri, y = vti^, z = wi^ and A = fi — ij — k. Note that b^ y is a homogeneous 
(rational) polynomial of degree £{z) — £{x) — £{y) ~ £{tfi) — £{w) — (^(irj) — ^(w)) — 
{£{t,) - £{v)) = £iu) + £iv) - £iw) ~ (A, 2p). 
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(1) If (A,2p} > l{u) + l{v) - i{w), then it follows form Corollary [Sj that 
b^y = and therefore N^:^ = 0. If (A, 2p) < £{u) + £{v) - £{w), then 

is a homogeneous polynomial of positive degree £{z) — £{x) — £{y) > 0. The 
evaluation of y at the origin is 0, and therefore N^^J" = 0. 

(2) If (A, 2p) = £{u) + £{v) — £{w), then b^ y is a constant polynomial. In 
particular, 

Take 77, k, /i G such that x,y, z €z W~f with a; = ut,;, ?; = vt^, z — wt^^ 
and X = ^ — 1] — K. This can be done as follows. 

The possible determinant of the Cartan matrix ((q;/,q;j)) is 1,2,3,4 
and ji + 1 (sec e.g. section 13 of [E]). As a consequence, the element 
A = — 12?i(7i+l) J2iei ^^'^ coroot lattice . Furthermore, A e 

and {A,ai) = -127i(7i + 1) < -5|i?+| = -5£{ujo) (see e.g. [IS]). Note that 
^ = E,;6/a»< ^ and (A, a,) < 2a, < {X,2p) = £{u) + £{v) - £iw) < 
2£{u}o). Thus {2A + X,ai) < for each i & I. Let x ~ utA,y ~ vtA and 
z = wt2A+\- Then x,y,z € W~f and A = {2A + X) - A - A. 

Hence, the first formula follows from Theorem 13 .31 and Theorem l5.51 and 
the second formula follows from Proposition 14.271 immediately. 

□ 



Using Theorem lS. 51 again, we obtain the following 

Proposition 5.6. For any u,v,w W and X E with A )>= 0, we take ri,K £ 
such that X — ut^ and y — vt^ lie in and we denote fi = rj+K+X. If wt^^ ^ 
then the equivariant quantum Schubert structure constant N^'^ vanishes. 

Proof. Denote d = £{u) + £{v) - l{w) - (A, 2/?). Take M e N with 12(n + 1)|M 
and M such that B = —M'Y^^^jUil G Q^, which does exist (following the 
proof of Theorem lS. ip . and ji + 2B G is regular. Then xtB^ yts, wt^+2B £ 
Therefore it follows from Theorem [53] that Nl^;^ = (-l)''CtB,ytB ■ ^he other 
hand, it follows from Proposition 14. II that 

ar ar 

Therefore for ztzs e T^^^, 6|*^^yt« 7^ only if z G W^^. Hence, TV^^-^ = 0. □ 

As we will see in section [6. II Proposition 15. 61 is useful when we need to compute 
the quantum Schubert structure constants for G/B by hand when the rank of G is 
not too big. 

5.3. Equivariant Schubert structure constants. In this subsection, we show 
that the equivariant quantum Schubert structure constants N^'^^s indeed give the 
equivariant Schubert structure constants for G/B. 

Let u,v,w G W. Take X = fi = -12n(n + ^ Q^- Denote x = 

utx,y = vt^ and z = wt\^^. Clearly, x,y,z G W^f. It follows from Theorem 15.51 
that N'^f ^ i-^^bly^ where d = £{z) - £{x) - l{y) = £{u) + £{v) - £{w) > 0. By 
Proposition [421] b^ y ^ Ev^gw-mm '^'■•=.[^itx,]'^v,[vit^2]'^z,[vrt>,^+^^], where (Ai,A2) 
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runs over the set {(Ai,A2) £ Q'^xQ'^ \ Ai ^ A, A2 ^,Ai+A2 ^ (A+/^)} = {(A,//)}. 
Hence, it follows from Lemma [4.161 that 

elv View 

Note that (A, a;) < —2 and {^i,ai) < —2 for all i ^ I. Use the same notations of 
i/j 's and i/fc's as in section 4.4. By Lemma [4.231 we have 



/ / 7 

j=r+l 

























( 1) ^ 



= r^^^^-«lWo(( n '(C(„^o)--o.(t)i-o)--o) (**) 

_/ -|>>i?(«)+f(t))+f((^o)-f(t«)-^(fi)^ J . f_1\^("i'^o)„ 

Hence, 

^ — ^^)lG^V 

This formula does agree with the formula for the equivariant Schubert structure 
constants for G/B as in Remark 17.51 

Note that (**) follows from Lemma [4.211 and (*) follows from the general fact 
that dy^u — (~l)^'""''^('^t>-i.M-i ) foi' v,u G W. Indeed, let u = [si ■ ■ ■ Sk]rcd 
where sj = ap^ with f3j G A. Note that u^^ ~ [sfc • ■ ■ sijiod- Denote a = £{v) and 
note that v — [s^^ • • • Si„]iod *^=^ = [si^ ■ ■ ■ s^Jrcd- Therefore by definition, 

a 

= n '[l■'^ia■■■S^j+lW^j) 

''"^ = [sia---s»ilrcdJ = l 
a 



6. Examples 

In this section, we give two examples to demonstrate the effectiveness of our 
formula. To make the procedure precise, the first example is simple and includes 
some more explanations. 
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6.1. Type A2. G = SL{3,C): B C G consists of upper triangular matrices in G. 
In this case, X = G/B = [Vi ^2 ^ | dime Vi=i,i = l, 2). 

A = {ai^a2\,R^ = {ai,a2,0 = ai + 02}- Denote Si = aa^, then one has 
W ^ {l,si,S2,siS2,S2Si,siS2Si} ^ S3. (7^^'^ cf'^'\ a'^'^ a'^^\ o-"^"! ★cr^^^S 
a'^'^-ka'^'^'^ a'2si^^sis2si ^siS2Si ^^siS2Si g QH*{X) are the only products 
that arc not given by the quantum Chevalley formula directly. As an application 
of our theorems, we compute one of them in details as follows. 

General discussion: For u,v ^ W with l{u) > 2 and £{v) > 2, cr" * a'" = 
T,w,\ Nu.'v^lx'^'"- Note that N'^j^^ = unless X ^ aia'{ + a2a'^ ^ and 2(ai + a2) = 
(A, 2p) = £{u) + £{v) - £{w) > 4 - e{w) >l, in which case qx = gi'gs'' • ^o^^ 
—9^ = — a2 G is regular. Therefore, x = ut-gv^y = vt-gv e W^af . Let 
z = wt-2e^+x. By Proposition \5.6\ Theorem 15.51 and Theorem \ 5.1\ we have the 
following 

(i) If or e{z) ^ e{x) + e{y), then N^-^^ = 0. 

(ii) If z e VFgj , then 

ti.t2eQ"-' ^ 

where the effective summation runs over those Vitx. = m^ti] G l^af satisfying 
Vitxi =^ X and V2tx2 =4 y. Furthermore if x ^ \, then dz\t2] = as (.{z) > tiij) > 
£{[t2]). In particular if x,y ^ 1, then we do not need to consider the case v^tx^ = 1. 

Calculation for the case u = siS2 and v ~ siS2Si- 

In this case, x = siS2t-e'^ = S2So and y = siS2Sit-gv = sq- A = aia^ + 020^2 
with ai, 02 > and 2(ai + 02) = £{u) + £{v) — £{w) = 5 — £{w). Hence, (ai, 02) = 
(1,1),(2,0),(0,2),(1,0) or (0,1). 

If (01,02) = (2,0), then z ^ W' by noting -261^ + A = 2a^ ^ Q^. If (01,02) = 
(1,0), then A = ai, £{w) = 3 and w = S1S2S1. Since (—20^ + ai^ai) = while 
w[ai) = — Q!2 , z ^ W~^. Similarly, we can show z ^ W^;^ if (oi, 02) = (0, 2) or 
(0, 1). Hence, iV^^-^ = unless (oi, 02) = (1, 1). 

If (01,02) ~ (1, 1), then £{w) = 5 — 2(1 + 1) = 1 and therefore w = si or S2. 
Hence, cr" * a" ~ Ciqiq2cr^^ + 6*2(71 (72 f"^ for some real numbers Ci and C2. 

Note that 1 7^ vitx-^ ^ x ~ S2Sq with vitxi S W~f implies that vitx^ = sq or 
S2S0. 1 ^ V2tx2 =4 y = So with V2tx2 G W^^ implies that V2tx2 = sq = y. Hence, 

^x,y = Cx^[so]Cy,[y]dz,[ast_gv _gv] ~^'^x,[s2So]'^y.[y]d■z,[<7et^^^_^^^^_gv^_g\/] 
— '^S2So,so'^so,sodz,[<Tet_2gv] + '^S2So,S2So''so,so'^z,[o•£)t_^v_ev]■ 
Note that c' , = (-1)^ ^ ' ^ 



so(ao) 



c' ^(-1)^. ^ I 

= (-1)^ i I = 1 I 

^ ^ S2(a2)s2So(ao)'"°=-^ 0252(^0) a2ai ' 

Note that agt-2g-^ = [soS2SiS2So]rcd and agt^al-e^ = [soS2SiSoSi]rod- 
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Now for w = Si and A = 6*^, we have z = sit^gv — [s2Siso]rcd- Therefore 

dz,[cret_^gv] = ds2SiSo,[soS2SiS2So] = So(a2)soS2(ai)soS2SlS2(ao)|„^j^_g = "CKl^^; 
'^z,[aet_^v_gv] = ds2Siso,[soS2Sisosi] = So(Q!2)soS2(ai)soS2Sl(ao)| _g = -ajO. 



Hence, Ci = fe^;, = ±^.J-i-aie^) + ^J-{-al0) = ^ + (-^) = 0. 

a2ti a a2ai t) 012 012 



Now for 1X1 = 32 and A = 0^, we have z = S2t-gy = [siS2So]rcd- Note that 

dz\agt_2e^\ ^ rfsiS2So,[soS2SlS2So] SoS2(ai)SoS2Sl(a2)soS2SiS2(ao)|„jj^_g = -^2^'^ 

and that (i^_[<^j,t_^^_^^] = 4iS2So,[soS2Sisosi] = as S1S2S0 ^ soS2SiSoSi. Therefore, 
Hence, 

^s,s2 ^^s^s2s, ^ q^q^a'^ 
Similarly, we can compute quantum products for the remaining cases. 

6.2. Type B3. G = Spin{7,C)- X = G/B = {Vi ^ V2 s;, C \ dime V^, = «, 

(^j, Vi) = 0, i = 1, 2, 3}, where (•, •) is a quadratic form on C''. See e.g. [15] for 

o-<t^ ; 61 = ai + 2a2 + 2^3 = S2S3S2(ai), = + 2a^ + a^, |i?+|=9, 

ai a2 as 

is generated by simple reflections {si, S2, S3}, \W\ = 48, o-g ~ [s2S3S2SiS2S3S2]rod- 



Calculation for ct" -k a"" , where u = S1S2S3S1S2 and v = S3S1S2S3S1S2. 



Note that (-6*^, q;2) = -1 < 0, {-B"^ ,a^) = while w(ai) ;^ and :>= for 

i = 1, 3. Hence, it suffices to take A ^ —0^. Then one has x = ut^gv = [s3S2So]rcd 
andy = wLgv = [s2So]red- Note that ^(-6*^) = a^+a^ andu(-6'^) = a^+a^+ag. 
Denote the length- minimizing element in the coset tW for t G , then one has 



where Vit\. = rrit- € W~f and the effective summation runs over those satisfying 
1 7^ vitx-^ =^ X and 1 7^ 'y2^A2 ^ 2/- Explicitly, the possible nonzero terms are listed in 
the following table, where we denote 77 = — 2q!^ — 3a2 ~ ^ctg , k = —2a^ — 2a2—a^- 





tl-t2 


Wtit2 


[n^tit2]rcd 


(N> N) 


tg-J+gv 


('■e^-2ev 


S0S2S3S2S1S2S3S2S0 


([so], [s2So]) 




SlS2S3S2SlS3S2S3t,, 


S0S2S3S1S2S0 


([S2S0], [so]) 




SlS2S3S2SiS3S2S3t,, 


S0S2S3S1S2S0 


([S2S0], [s2So]) 




vt-2e^ 


S2S0S2S3S2S1S2S3S2S0 


([S2S1S0], [so]) 




SlS2SiS3S2SiS3t^ 


S0S3S2S3S1S2S0 


([S2S1S0], [S2S0]) 


iu(-9'^)+v(-e^) 


SlS2S3S2SiiK 


S0S2S3S2S0 
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Note that s^sq = sqSs G sqW . By definition, 

(-1)3 , (-1) = 



(- 



-2 



Q!20(a2 + 2q!3) ' 

-,N.o] a352(a2)s2So(ao) a2a3(«i+«2 + 2a3)' 



Ca;,[s3S2So] "^338250, S3S2S0 



S3(a3)s3S2(a2)s3S2So(Q!o) ^ 013(02 + 2a3)(Q!i + a2) ' 
(-1)' 1 1 . 



^2 



-y,l«oJ S2.S0...0 «2so(co)l«o = -e 020' 

y.N.o] S2.S0...2.0 52(02)S2SO(00)'"" = -^ O2 (oi + O2 + 2O3) ' 

Let z = wt-2e^+x. Then TV^j,^ 7^ only if z G VF^7 and i{z) = l{x) + ^(y) = 5. 
Note that the only possibilities are z = S2S3S1S2S0, S1S2S3S2S0 or S0S2S3S2SQ. 

For z = S1S2S3S2S0 = wt_2ev+A, we have w = S2S3S2 and A = o^ + 203 + 03- 
Note that d^,[tit2] ^ only if z =<; mjits- Thus only d^^[„^t_^_^^] and d2,[^t„28v] are 
nonzero. Furthermore, we have 

dz.\crgt_2ev] = -026'^(02+03)(02 +203), 4,[«t_2ev] = 02Q!3 ("2 + 203) (ai+02 + 2o; 

Hence, 

^x,y (^x,[so]'^y,[so]dz,[cTet_2i)v] + Js2So] Cy Js2So] '^z,[iit_2ev ] 

_ 2o20^(a2 + a3)(a2 + 203) 0203(02 + 2a3)(ai + 02 + 203)^ 

026'(02 + 2O3) • O20 0203(01 + 02 + 2O3) • 02(01 + 02 + 203) 

_ 2(02 + "3) "2 + 2O3 _ ^ 

02 02 

For z = S2S3S1S2SQ = wt^2e'^+\, we have w = S3S1S2 and A = o^ + 2o2 + 03- 

4,[t2ev] = -26'^(02 + 03)(oi + 02 + 03); 
4,[tev + „(„eV)] = -d{a2 + 03)(oi + 02 + 03)(oi + 02 + 203)^; 

^^Jt„(-2ev)] = -a3(ai + Q'2 + 203)^(201 + 20102 + 03 + 60103 + 40203 + 403); 

'^^>[t„(-ev)+ev] = -026'(oi + 02)^(01 + 02 + 03); 
^2.[tu(-£)V) + „(_eV)] = 0- 

Substituting them in the summation for h^y and simplifying, we obtain h^y = 1. 
For z = S0S2S3S2S0 = wi_2ev+A, we have w = S1S2S3S2S1 and A = 2o2 + O3 . 

4,[t2(,v] = -0^("i + 30102 + 3o2 + 301O3 + 602O3 + 203); 

^z,[tev + „(_eV)] = -d'^iai + 02 + 03)(oi + O2 + 203)^; 

4,[t„(_2eV)] = -("1 + "2 + 203)^(0^ + 20102 + 30103 + 0203 + 203); 

4,[t„(_eV) + ev] = -^^("1 + "2)^(^1 + 02 + 03); 

<^z,[t„,_ev) + „(_ev)] = -Oi6'(oi + 02)(oi + O2 + 03)(oi + 02 + 2O3). 

Substituting them in the summation for b^y and simplifying, we obtain b^y ~ 1. 
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Hence, we obtain the following 

^S,S2S3S,S2 ^ ^S3S,S2S3S1S2 ^ g2 ^3 (cT^^ ^3 ^2 _^ ^S3S1S2) _^ q2^^^S, 828382 Si ^ 

7. Appendix 

7.1. Proof of Proposition null Note that z 4 [tit2] implies £{z) < e{[tit2]). By 
definition, V2t\2 = mn^] =^ i^. It follows from Corollary [4J] that ^ ^ X2- Therefore, 
A2 = /i + K with K = X^ie/ CjCKi^, in which a > for each i G I ~ {1, • ■ • , n}. If 

2c, > iiujo); then £{tx,) = (/i + k, -2p) = ^(t^) - 2c, < £(1^,) - ^(wo), 

which deduces a contradiction as follows. 

£ix) + £{y) < t{[tit2]) = t{[vitx,v]:\2tx^]) 

< £{vit\^V^^V2t\2) 

< £{vitxi) + £{v^^v2) + £{tx,) 

< £(a;) + £M + ^(tA J 
<eix)+e{t^)=£{x)+£{y). 

If J2iei < ^(^0), then for each j e I one has (A2, a^) = (/^ + J2iei Cja,^, a^) < 
— ^(wo) + 2cj < 0. Hence, A2 G is regular. Therefore v^^V2tx2 G W^af ^'^'-^ 

+ £iy) < £{z) < £i[ht2]) = £{[vitx,v^'v2tx,]) 

< £{vitXiV^^V2tx2) 

<£{vitxi)+£{v^^V2tx2) 

< £{x) + £{tx,) ~ £{v^\2) 
<£{x)+£{t^)-0 = £{x)+£{y). 

Hence, all inequalities are indeed equalities. Thus we have 

£iz) = £{[tit2]); £{v^^v2) = 0; vitx, ^ x ^ wtx; A2 = a^- 

Therefore, 

vi V2 ^ w; Ai = A, A2 = z ^ wtx+i_,. 

7.2. Proof of Proposition [47191 Since Case A holds, it follows from the proof 
of Lemma 14.181 that Ai = A and V2tx.2 ~ utf^. Furthermore, 

£{x) + £{y) + 1 = l{[ht2]) = £{[t2ti]) - £{[ut^u~^vitx]) 

< £{utf^u~^vitx) 

<£{ut^) + £{u-^vitx) 

^ £{y) + £{tx) ~ £{u~h,i) 

^£{y)+£{x) + l-£{u-^vi). 

Hence, £(u~^vi) = and therefore vi = u. Hence, [tit2] = [utxu~^ut^] = [utx+^i]. 

Note that t\x) + £(y) < £{z) < £{x) + t{y) + 1 = t{[utx+fj\) = £{utx+^,). 

If £{z) = £{x) + £{y) + 1 = £{utx+^j.), then the condition z =4 [w^A+p] implies that 
z = utx+p,- This is just case a). 

If £{z) = £{x) + £{y) = i{utx+i_i) — 1, then the condition z =^ [m^a+^j] implies that 
z utx+fj. for some j + mS G Note that m > and that z = a-^j^msutx+^i = 
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f7Mtmu-i(7)v+A+M ^a7- Sincc i[(J.y+mSut\+ ^) = i{z) < £{ut\+fj,), it foUows from 
Lemma 1131 that (utA+A<) (7 + mS) = 1*^^(7) + (m + (A + /i, u"i(7)))(5 G 
Hence, m + (A + fi,u~^{'-f)) < 0. Sincc A + /i e and m > 0, wc must have 
M"^(7) e Therefore, 

^ {mu-\-fy + X + fi, -2p) - i{a^u) 
= £(iA+M) - m(u-i(7)^, 2p) - £{u<j^-i^) 

< £(<a+m) - m(u-i(7)^, 2p) - + £K-i(^)) 

< £(<a+m) - ™^-'(7)^ 2p) ~ i{u) + {u-\j)\2p) - 1. 

Hence, {m-l){u-\jy ,2p) < 0. Since 14-1(7) e (^-1(7)'^, 2p) > 0. Therefore, 
< TO < 1; that is, ?7i = or 1. Denote 7 = u^^{'j). Note that 7 G i?^. 

If TO = 0, then 7 G i?"^, z = ua^ytx^^ and £{uaj) = ^(m) + 1. This is just case b). 

If TO = 1, then 7 £ z = uajt\-^fj,+jv and £{uaj) — £{u) + 1 — (7^, 2p). This 
is just case c). 

7.3. Proof of Proposition [47201 Note that we have z = [tit2] in this case. Since 
wi^Ai =^ CTitx 4 tx, X ^ Ai by Corollary [49l Hence, £{txi) = £{tx) - 2M for some 
M >0. Therefore, 

£ix)+£iy)=£{[ht2])=£i[vitx,v^^v2tx,]) 

< £{vitx^V^^V2tx2) 

< £(vitx,) + £(v^^) + £{v2tx,) 
= £{tx,) + £{v2tx,) 

< £{tx,) + £{y) = £{x) + 1 - 2M + £{y). 

Hence, M = 0, Ai A and £{y) > £{v2tx2) > £{x) + £{y) - £{tx^) ^ £{y) - 1. 

Hence, there are only the following two possibilities. 

Case (i): £{v2tx2) = £{y), which implies that W2^A2 = V = ut^. 

Case(ii): £{v2tx,) = £{y) - l- 

Due to Lemma [7.21 as below. Case (i) is impossible. It remains to discuss Case 
(ii). In this case, 

£{x) + £{y) = £{[t2ti]) - £{[v2tx,v2^vitx]) 

< £{v2tx2V2^Vitx) 
<£{v2tx,)+£{v2^Vitx) 

= £{y) - 1 + £{tx) - £{v2^vi) = £{y) + £{x) - £iv^'v,). 

Hence, £{v2^vi) = and therefore vi = V2- 

Since £{v2tx2) = ^{v) — 1 and V2tx.2 ^ 2/, there exists 7 + m5 G i?+ such that 
V2tx2 = <^t+m.sut^. With the same discussion as in the proof of Proposition l4. 19\ we 
have 7 = u^^{'j) G i?+ and V2tx2 = ua^t^+m^-j G VF^f . Hence, wi = U2 = wcr-y and 
z = ua=ftx+^+m=i'^ G W^af . With the same argument as in the proof of Proposition 
14.191 again, we can deduce that either to = or to = 1. 

If m = 0, then we have 7 G i?"*" such that case a) holds; that is, 

vitx^ — uaxitx] V2tx2 — ua^tf^; z — ua^tx+^i] £{uax^) — £{u) + 1. 
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If m = 1, then we have 7 G i?+ such that vit\-^ = ua^tx, V2tx2 = ua=ytfj_-^.jv ^ 
z = ua^tx+fj,+=y'^ and £{u<7j) = i{u) + 1 — (7^, 2p); that is, case b) holds. 

Remark 7.1. The condition "(11, aj) < ~£{ujq) for all j G / " does imply that 
ua-ytfi^-y^ jUa-ytx+fi+'y^ G W~f, whenever J G T2 and X G Q^. 

Indeed, the statement can be checked directly for the case \I\ = n — 1,2. For 
any 7 G write 7^ = Y^i^i^t- ^"^^ ^^^^ ^(^o) = l^^l > 9 and < A if 

n = 3, 4, and that £{ujq) > 12 and Oi < 6 if n > 5 (see e.g. page 66 of [15j ). Hence, 
fi + "f'^ is regular if n > 3. In particular, the statement holds. 

Lemma 7.2. Case (i) in the proof of Proposition \4.20\ can never occur. 

Proof. Assume Case (i) holds, then we have Ai — A, V2tx2 — ut^ and 

£ix)+£iy) = £([t2ti]) = £i[ut^u-\,itx]) 

< £{ut^u^^vitx) 

< £{ut^)+£{u-\itx) 

= £{y) + £{tx) - £{u-h'i) = £{y) + e{x) + 1 - £{u-^vi). 

Therefore, we have either £{u~^vi) = or £{u~^vi) = 1. 

For the former case, we have vi = u, and therefore £{x) + £{y) = £{[tit2]) ~ 
£{utx+fj,) = £{x) + £{y) + 1. This is a contradiction. 

For the latter case, vi ~ uoj for some j. If {X,aj) < (fj.,aj), then A + ^ — 
{n,aj)a^ G . Note that the integer {n,aj) < —£{luq). Therefore 

£{x)+£{y) = e{[t2ti]) = £{[ut^u-'ua,tx]) 

< £{ut^ajtx) 

< £iucrj)+£{tf,^^^^a,)a^+\) 

— £{uaj) + {fi— {fi, aj)a^j + A, — 2p) 
= £{u(jj) + £{tx+t,) + 2{^l,aJ) 

< £{ujo) + £ix) + 1 + £{y) + l{u) - 2£{ujq) - 2 < £{x) + £{y). 
If (A, a.j) > Uj), then A + ^ — (A, aj)a^ G . Therefore, 

£ix)+£{y) = ^([titz]) = £{[uajtxaju-^ut^]) 

< £{uajtxcrjt^) 

= £{utx-{X,a,)a^+f,) 

< £{u)+£{tx-(x,aj)a^+t,) 

= £{u) + (A - (A, + /i, -2p) 

^£{u)+£{tx+^) + 2{X,a,) 

< £{ujo) + £{x) + 1 + £{y) + l{u) ~ 2£{uj^) - 2 < £{x) + £{y). 

Both cases deduce contradictions. Hence, Case (i) is impossible. □ 

7.4. Equivariant cohomology of Q,K. The afhne Kac-Moody group Q possesses 
a Bruhat decomposition Llj-gy;/ ^ BxB, where the canonical identification Wai = 

N{Tc)/Tc is used. Here Tc = Homz(i)J,C*) denotes the standard maximal torus 
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of Q, in which \)z is the integral form of f) = ()af (see e.g. chapter 6 of [S^)- The 
Bruhat decomposition of Q induces a decomposition of Q/Vy into Schubert ceUs: 
Q jVy = Uaeiv'^ BxVy jVy ■ Schubcrt varieties are the closures of BxVy jVy''^ in 

af 

Q/Vy. Let 6^ denote the image of the fundamental class [BxVy /Vy] under the 
canonical map H^{Bx'Py /Vy) — > H^,{0/Vy). Then H^{Q/'Py,Z) has an additive 
basis of Schubert homology classes {6^ | x e W^^}. We denote 6^; = 6^ wherever 
there is no confusion. Similarly, the cohomology group H*{Q/Py, Z) has an additive 
basis of Schubcrt cohomology classes {6^ | x £ VK^}, where {&x, &^) = Sx,y with 
respect to the natural pairing. 

The standard maximal torus Tc of Q has complex dimension n + 2 with max- 
imal compact sub-torus T = Homz(f)2, S^). With respect to the natural action 
of Tc on Q/B, we consider the equivariant cohomology H^{Q/B), which is an S- 
module with S = = H^{pt). Note that the 1-dimensional sub-torus C*, 

which comes from the degree derivation d, acts on Q/B trivially. As a consequence, 
S = Q[d, (5, ai, • • ■ , an] while the equivariant Schubert structure constants are poly- 
nomials in Q[5, ai, • ■ • , a„] only. Since we are concerned with the non-trivial part of 
the Tc-action only, we denote S = Q[5, ai, • ■ • , «„] = Q[aoi cti, • • • , a„] by abusing 
notations. H^{Q/B) is an S'-module spanned by the basis of equivariant Schu- 
bert classes, which we also denote as {©^ | x € W^f} simply. Via the embedding 
TT* : H^ig/Vy) H*^{g/B) induced by the natural projection tt : g/B g/Vy, 

the equivariant cohomology H^{g/Vy) is also an S'-module spanned by the basis of 
equivariant Schubcrt classes {S^ | x G W^;^}- As a consequence, equivariant Schu- 
bert structure constants for g/Vy are covered by equivariant Schubert structure 
constants for g/B. 

Remark 7.3. For 6^,6?^ £ H^{g/B), 6^6?' = E^GVV^f P^.a®^- '^'^^ equivariant 
Schubert structure constant y is a polynomial in S. In terms of combination of 
rational functions, one has p^ y = X]«eiv ^dx-^dyj^c^y (see e.g. chapter 11 of i24j }. 

Let ia„A' = {f^g\ /(§^) C K} and ^^^K = {/ e U,,K \ /(Igi) = 1^}. Note 
that each f E g can be written as f{t) = /if (t) ■ fp{t) for some unique fx G ^anK 
and fp G Vq. Therefore we can realize g/Vo as fianA', which is homotopy-equivalent 
to D,K, via the (Lan^'-equivariant) homeomorphism g/Vo —>■ f^an-^ (see j36j and 
references therein for more details). Since we are concerned with properties at the 
level of (co)homology only, we do not distinguish between flanK and flK. The 
Bruhat decomposition of g/Vo readily gives a Bruhat decomposition of flK. As a 
consequence and by abusing notations, we know that H^{VlK, Z) (resp. H*{nK, Z)) 
has an additive Z-basis of Schubert (co)homology classes {©a;(resp. 6^) | x G H^af }. 

The (non-trivial part of the) T-action on g/Vo corresponds to the natural x T 
action on ilK, which consists of the rotation action of on flK and the action 
of T on QK by pointwise conjugation. By considering the T-action only, we ob- 
tain the evaluation maps ev : H^{g/Vo) H^{g /Vo) and ev : S = H^{pt) 
iJy(pt) = S, where the T-equivariant cohomology H^{g /Vo) is an S-module with 
S = Q[q!i, ■ • • , an]. The image of the null root S ^ ao + 9 in S is 0. More precisely, 
we have H^{g/Vo) = Span^{6^ | x G H^} and H^{g/Va) = Span^je^ | x G 
Wg^}. Let / = /(ao, ai, • • • , a„) G S, then we have ev{f) = f{—0, ai, • • • , a„) G S 
and ev(/6^) = ew(/)6^. 
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Remark 7.4. = X^zgvf" y®^- T-equivariant Schubert structure 

constant y is a polynomial in S. It follows from Remark \7.3\ and Lemma \4-2S\ 
that p^ — dx,[v]dy.[v]Cz,[v] combination of rational functions. 

af ' ' 

Remark 7.5. The T-equivariant Schubert structure constant p™^ for G/B can 
also be expressed in terms of c^^v o-nd du^v The polynomial p^ ^ is given by p^^ = 
"^y-^^y/ du,v-idv,v-iCw,v-i as combination of rational functions (see e.g. |24j ). 
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